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Abstract. Two-point correlation equations which include the effects of a uniform tempera-
ture gradient and body force are constructed from the Navier-Stokes, heat-transfer, and con-
tinuity equations. A solution is obtained by converting the correlation equations to spectral
form and assuming that the turbulence is sufficiently weak for triple correlations to be ne-
glected. It is shown that the turbulence decays with time, although the rate of decay is altered
by buoyancy effects caused by the body force and temperature gradient. The buoyancy forces
can either extract energy from the turbulent field or feed emergy into it, depending on the
directions of the body force and temperature gradient. Spectra are calculated for the turbulent
energy and for the various terms in the turbulent energy equation as well as for the tempera-
ture fluctuations and turbulent heat transfer. For fluids with Prandtl numbers less than 1 the
buoyancy forces act mainly on the large eddies, whereas for higher Prandtl numbers they can
act on the smaller ones. When the buoyancy forces are stabilizing, the turbulence can cause
heat to flow against the temperature gradient for certain values of the parameters. For making
the calculations, it is assumed that the turbulence is initially isotropic and the temperature
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fluctuations initially zero.

INTRODUCTION

The work described here is concerned with
the effect of buoyancy forces on a homogeneous
turbulent field. The buoyancy effects are pro-
duced by a uniform vertical temperature gra-
dient and body force. To make the problem
tractable, we assume that the turbulence is
weak enough for triple correlations to be negli-
gible in comparison with double correlations.
Other studies of low-Reynolds-number turbu-
lence are given in von Kdrmdn and Howarth
[1938], Batchelor and Townsend [1948], Dunn
and Reid [1958], Pearson [1959], and Deissler
[1961a and b]. An experimental basis for low-
Reynolds-number solutions is given by Batch-
elor and Townsend [1948]. Although the trans-
fer of energy between eddies of various sizes is
not present when triple correlations are neg-
lected (except in the presence of a mean ve-
locity gradient [Deissler, 1961a]), it appears
that the analysis can provide insight about the
other important turbulent processes, such as
the dissipation and the production or extraction
of turbulent energy by buoyancy forces.

To proceed with the analysis we require two-

1 Based on a paper presented at the International

- Symposium on Fundamental Problems in Turbu-

lence and Their Relation to Geophysics sponsored

by the International Union of Geodesy and Geo-

physics and the International Union of Theoretical

and Applied Mechanics, held September 4-9, 1961,
in Marseilles, France.

point correlation equations which include buoy-
ancy effects. These will be derived in the next
section.

CORRELATION AND SPECTRAL EQUATIONS

The Navier-Stokes equation with a body
force is

du; , uw) _ 1dp u;

at + Az, _p dx; + 9z, Oy +o (1)
where the subscripts can take on the values 1,
2, or 3 and a repeated subseript in a term in-
dicates a summation. The quantity % is an
instantaneous velocity component, r; a space
coordinate, t the time, p the density, v the kine-
matic viscosity, p the instantaneous pressure,
and g, a component of the body force. If the
density depends, effectively, only on tempera-
ture and is not far removed from its equilibrium
value (value it would have for no heat transfer
or turbulence), equation 1 can be written as
[Landau and Lifshitz, 1959],

du; | Owwy) _ _1 9
ot + axk -

azu,' _
Y 32:,, 61:),

+ BT — Toyg: (2
where T is the instantaneous temperature, T,
and p, are, respectively, the equilibrium tem-
perature and pressure, and B is the thermal
expansion coefficient given by
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B = —(1/p)(3p/3T), (3)

Equation 2 applies at a point in the fluid, say
point P. A similar equation written for a point
P’, separated from the point P by the vector r, is

oup o) _ 10 .,
ot dz, dzh (v p2)
0u! i
+» 9z, 9z, B(T T.)g; 4)

Note that the equilibrium temperature is uni-
form, whereas the equilibrium pressure is not.
The instantaneous temperature ean be written as

T=T4+ 1 (5)

where T is the time or ensemble average tem-
perature and 7 is the fluctuating component of
the temperature. Multiplying equation 2 by v/;
and equation 4 by w;, adding, taking averages,
and substituting equation 5 give

au u, +6u U + auuu,,

dxy, k
- __1__a_—,___u 7
p oz, Ui p Ox] P
6u,u,~ 3*u,u,
+ ”axk 0z 6:1:,, dzh

- Boﬂ_u? - .39174-'7' (6)

where the overbars indicate average values. In
obtaining equation 6, the fact that fluctuating
quantities at one point are indepcndent of the
position of the other point was used. Introducing
the variable r; = 2/, — z, gives, for homogeneous
turbulence,

09—, 0 —57 —
0t 2 u: + ors (u.wiuy Uy Uilhy)
- _1(1u ,__6_—,)
p 67',' P ar, L
FRPSL LT S W S W B
67' 67‘,: g:7u, g, U, T

Equation 7, except for the last two terms, which
give the effect of buoyancy forces, is the same as
that obtained by von Kdrmdn and Howarth [1938].

An expression for the pressure-velocity cor-
relations can be obtained by taking the diver-
gence of equation 2 and using the continuity
relation, which is, for small density variations,
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du;/0z; = 0. This gives
19°(p — p.,)

p ax,- 32:,-

or
- _B"”(ax, ax,.) -

Multiplying equation 8 by w’;, taking averages,
and introducing the variable r; result in

62(u,~uk)
dx; dz,

+ (8)

1 ’pu; dru; _ Fuuu;

p Or; or; = By ar; dr;, or; ©)
Similarly, from equation 4,
1 627 du,; %uu U
P= —pg S - I (10)
p 87',- 61‘,- 37’,- 37’;, 67','

To obtain expressions for the temperature-
velocity correlations in equations 7, 9, and 10,
the heat-transfer equation must be considered.
When frictional heating is neglected, this equa-
tion can be written for points P and P’ as

. .
of | o(fw) _ _ o7 )
ot 6:0;, 623], 0:0,,
and
B_’f’ (T'ul _ 7
at o  %olen (12

Substituting equation 5 in equations 11 and 12,
averaging, and subtracting the averaged equa-
tions from the unaveraged ones give

ar wr)  dupr
Ot + Bx;, + 31},, 6:1:;,
6 T .
8x ox;, (13)
+ 6T’ ur") dupr
' 9z dzh
'
-« dz;, 9z, (14)

Multiplying equation 13 by w/, and equation 4
by 7, adding, taking averages, substituting equa-
tion 5, and introducing the variable r; give,
for a uniform temperature gradient,

a aT —
Tu’ + u :5 + — o (T’M Up — TURUL)
197p o rul —
- - Y 4 (at) 3o~ BoT (15)
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Similarly, from equations 14, 2, and 5,

61/.-1', a — 7 7 - 7 -7 aT
Y —I—ak(uukr uukr)-l-uukaxk
10 u, —

= b, ar, ar, PO (10

An expression for 77/ can be obtained from

equations 13 and 14:

37'7'

+ (uk‘l' + Tuk)

2
!

67',, (97‘;, (l 7)

a —_ —_—
-+ 6_7',, (r7'u, — wpr?’) = 2a
Expressions for the pressure-temperature corre-
lations in equation 16 are obtained from equation

8 and a similar equation for p’:

1 6277 orr uupt

porsor P9 ar T Tar, om (18)
18w _ —ge arr’  Frulu (19
p Or; or; g dar, or,, Or;

If the turbulence is sufficiently weak for triple
correlations to be neglected, equations 7, 9, 10,
15, 16, 17, 18, and 19 form a determinate set.
It is desirable to write the equations in spectral
form in order to reduce them to ordinary differ-
ential or algebraic equations and because of the
physical significance of spectral quantities. For
this purpose we can introduce three-dimensional
Fourier transforms defined as follows:

wuy = f_: ¢.; exp (tx-1) dx (20)
o = f_: A; exp (ix-1) dx (21)
up = f_: A exp (ik-1) dx (29)
F = f_: ¢ exp (tx-r) dx (23)
7 = f_ Z ¢ exp (in-n) de  (24)
m = ﬁ: v; exp (ix-1) dx (25)
uT = f_: v} exp (tx-1) dx (26)
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= f 8 exp (tx-r) dx 27
where % is a wave-number vector having the
dimension 1/length and dx = dk, dre drs. Sub-
stituting these Fourier transforms into equations
7, 9, 10, 15, 16, 17, 18, and 19 and neglecting
triple correlations result in

9, 1,. .
= —= 747>\:_1'¢)‘1
ot p (ix kA,)
— 2k’p,; — Bgy, — Bgvl  (28)
B _ll; KZ)‘:‘ = BgiikeY; (29)
— = K"\ = —Bgiirey! (30)
v, _ _ T — 1. .
dt - Pri axk pZK;,g-
— (a+ )iy, —Bg, 6 (31)
i _ 9T 1
at “""axk+ ol
— (@ + 'y, — Bg: 5 (32)
1 .
- ; ¢ = Bguine 8 (33
1 o, .
e K¢ = —Bgiixe 8 (34)
05 _ _ o,
YR (7’: + ‘Yk) 9z 20" & (35)

Substitution of equations 29 and 30 into 28 and
equations 33 and 34 into 32 and 31 shows that
@i; = ¢,; and y; = ¥'; for all times if they are
equal at an initial time. Here it will be assumed
that the turbulence is initially isotropic and that
the temperature fluctuations are initially zero,
so that the above relations will hold. Thus the
set of equations 28 to 35 becomes

M _ KiK Ky th
5 = Bax vi + Bge —= 7vi
— 2VK250.,' - ﬁgn’i — BgJ'Yt (36)
o _ _ =
at “””6 - ba 2
— @+ 9y —Bg; 6 (37
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35 T
at = 2')’), axk 20k é

(39)

Assume that the only nonzero component of g
is in the negative vertical direction, and let

g= —gs (39)

Also, assume that the uniform temperature
gradient is in the vertical direction, and let

b= 0T/dx; (40)
Letting ¢ = j = 3 in equations 36, 37, and 38,
2
0 289 %y — 2o + Bers (A1)
d 3
ﬁ = —bes; — By '::_; )
— (a4 9Ky + 898 (42
8 _ —2by; — 20K’ B (43)
dit
Contracting 7 and j in equation 36 gives
Wi g, + 2 (44)

dt
The pressure term (second term in equation 41)
drops out of equation 44, as can be seen from
equation 7 and the relations d/dr; = —d/0x;
and 8/9r; = 8/0x’;. Thus, as in the case of homo-
geneous turbulence without buoyancy effects,
the pressure term transfers energy between the
directional components of the energy but gives
no contribution to the change of energy at a
particular wave number.

SoLUTION oF SPECTRAL EQUATIONS

A general solution of the simultaneous equa-
tions 41, 42, and 43 is

o = C exp [—(a + 9 — 1]
+ C; exp [—[(a + »)&® — s](t — )}
+ Cs exp {—[(a + V)K2 + s](t — t)} (45)
vs = —(Cile — 9« exp [—(a + )t — &)]
+ Clle — »)&’ — 4]
cexp [ — [l + »® — s](t — to)}
+ Cilla — »)«* + 3]
cexp {—[(a + »)«* + 8]t — t)})

+ [239(1 - 7’:2)] (46)
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2
5 = (2CIbﬂg(1 - %)

exp [—(a + »)(t — to)]

-1 - )]

cexp [~ + )6 — &t — 1)}

+ C'al:(a — )%+ (@ — »)’s

- 2bﬂg(1 - —)]
K

-exp {—[(a + ») & + sl(t — to)l)
+ [2ﬁ2g2<1 - ;—E)z] (47

s= V(e —»)’c* — 4b8g(1 — 3/«

and C,, C;, and C, are constants of integration.
Equation 45 indicates that, as ¢ approaches
infinity, .z approaches zero, so that no nonzero
steady-state solution exists.

For determining the constants of integration,
we use the initial conditions that, for t = ¢,
the turbulence is isotropic, and v = 6 = 0.
The last two conditions correspond to the
assumption that the temperature fluctuations
are zero at t = t,. This would be true, for in-
stance, if the turbulence were produced by an
unheated grid. The mean temperature gradient
would then cause temperature fluctuations to
arise at subsequent times. The assumption that
the turbulence is isotropic at ¢ = ¢, implies that,
for weak turbulence,

(‘Pn)ﬂ = (J0/121I'2)(K2 611' -

as given by equation 43 in Deissler [1961a]. The
turbulence is not, of course, isotropic at sub-
sequent times, as will be seen. By using these
initial conditions, the constants of integration
are found to be

where

(48)

(49)

"i":)

_ JobBg(l — &3/ k)’
6m°s’

C, = (50)



SYMPOSITTM ON TURBULENCE IN GEOPHYSICS

C, = <J0K2(1 — L’:%)[(a - 11)3133

2 4 2 ﬁ
+ (@ — »)°k's — 4o — v« bﬁg(l - Kz)

s3]
+ (247°s%)  (51)

2
C, = —(J0K2(1 - L;%)I:(a — )%

= e — e — et = )
WS
+ (247°5%)  (52)

For small values of «, the quantity s, as given
by equation 48, becomes imaginary. In that
case the following solution can be used:

sz = exp [—(a + »)’(t — &)]
{Cl + €} cos ['(t — t5)]
+ C3sin ['(t — )]}
¥s = —(exp [—(a + 9t — t)]
{Clla = »)k* + [Chla — 9" — C3¢']
cos [8'(t — )] + [Cila — 9)i°
+ Cu8'] sin ['(¢t — t)]})

(53)

+ 2[39(1 - ”:—E) (54)
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Fig. 1. Expected effects of buoyancy forces on

turbulent eddy.
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8 = (exp —[le + ») (¢ — )]

-{ZC’{ng(l - %) + I:Cé(a — )’

— Cis’(e — v)k* — 20408y

.(1 - fé)] cos [s'(t — )]

-+ I:Cé(a — it + O’ — VK

— zc,;bﬂg(l - 7’:5)] sin [s'(t — to)]})

2\ 2
+ [2;3292(1 - %) :I (55)
where

¢ = \/4bﬁg<1 - fz) — = (50)
[somne1 = 5)'] = ey a0

2 2
¢l = J0x2(1 - K—g)l:Zng(l - i‘%)
K K

— (@ — V)2K4:| + (1278"%) (58)

¢ =

and
K2
C, = [J0K4(1 — ;%)(a — V):I + (127%¢) (59)
Finally, solution of equation 44 gives
= I: P33 :I
P L= (/)

Jolf2 —2pk2(L—to)
+ \122)¢ (60)

Although the quantities ¢,;, v;, and & are of
interest in themselves, it is somewhat easier to
interpret quantities that have been integrated
over all directions in wave-number space as
suggested by Batchelor [1953]. Thus, a quantity
¥;; can be defined by the equation

ll/.'i(K) = fo e dA (61)

where A is the area of a sphere of radius «.
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Fig. 2a.

Then, since

(let » = 0 in equation 20), ¥,, dk gives the
contribution from the wave-number band d« to

UU,-

Fig. 20.
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u,UuU, = f \!/“' dx
0
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The equations for ¢s, ¢, 7¥s and & can be
written in spherical coordinates by using the
transformations

Ky = Kk €OS ¢ sin @
Kz = Kk 8in ¢ sin 0

k3 = Kk cos O
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g
——=— 10.0

» = .008
>
004
o)

1.6 2.0 24 28 3.2 3.6 40

x*=y V2 (1) 2

Dimensionless spectra of u,u, (energy spectra) with buoyancy forces stabilizing
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Fig. 3.

Comparison of normalized energy, dissipation, and buoyancy spectra with buoyancy

forces destabilizing.

Then, since ¢ (as well as ¢,;, v, and §) is not a
function of the angle ¢, the expression for ¥
from equation 61 can be written as

1
Vs = 47"’<2f ¢33 d(cos ) (63)
)

We can write similar expressions for ¢, ‘s,
and ¢ integrated over all directions in wave-
number space:

1
Vo = tod [ o dleost) (69
0
1
Ty, = 4nd’ f vs d(cos 6) (65)
0
1
A= 41rx2f d d{cos 6) (66)
0
Letting » = 0 in equations 25 and 27,
Tu; = | T,d (67)
[}
and
= A dk (68)

1]
go that, as in the case of ,,, T'; dx and A dx
give, respectively, contributions from the wave-

number band dx to Tu; and 3 Computed spectra
of the various turbulent quantities will be con-
sidered in the next section.

ResurTs anDp DiscussioN

Before we consider in detail the spectra com-
puted from the foregoing analysis, it may be

worth while to indicate physically how the
buoyancy forces would be expected to alter the
turbulence. Figure 1 shows the effects of a
negative and a positive vertical temperature
gradient with the body force directed downward.
For a negative temperature gradient, a turbulent
eddy moving upward, for instance, will usually
be hotter than the surrounding fluid. If the fluid
has a positive temperature-expansion coefficient,
the eddy will also be less dense than the sur-
rounding fluid, so that buoyancy forces will tend
to accelerate it upward. Similarly, an eddy
moving downward will usually be accelerated
downward. Thus, the negative temperature
gradient tends to feed energy into the turbulent
field, so that its effect is destabilizing. For a
positive temperature gradient, it can be seen
that the effect will be opposite to that just
described; that is, the buoyancy forces will tend
to stabilize the fluid.

Dimensionless energy spectra (spectra of w;u,)
are plotted in Figure 2. For making the cal-
culations, the indicated integration in equation
64 was carried out numerically. When plotted,
using the similarity variables shown, the spec-
trum for no buoyancy forces (¢g* = 0) does not
change with time, so that comparison of the
various curves indicates how buoyancy effects
will alter the spectrum. Thus, if a dimensionless
spectrum curve lies above the curve for g* = 0,
the turbulent energy for that case is greater than
it would be for no buoyancy forces. The turbu-
lence itself is, of course, decaying with time.
Curves are shown for Prandtl numbers »/a of
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Fig. 4a. Dimensionless spectra of 2 with buoyancy forces destabilizing.

0.7, 10, and 0.01. These Prandtl numbers corre-
spond, respectively, as far as order of magnitude
is concerned, to a gas, a liquid like water, and a
liquid metal.

Negative values of the buoyancy parameter
g*, defined as bB(t — t,)%g, correspond to negative
temperature gradients, and positive values cor-
respond to positive teraperature gradients. (The
quantity b in the definition of g* is the tem-
perature gradient.) In agreement with the
discussion in connection with Figure 1, the areas
under the spectrum curves increase for negative

temperature gradients and, in general, decrease
for positive ones. A reversal of the expected trend
is shown by the curve for a Prandtl number of
10 and a g* of 4. The action of the buoyancy
forces in producing turbulent energy is particu-
larly evident for a Prandt]l number of 0.01 and
negative values of g*. There, the buoyancy forces
tend to produce an extra peak in the spectra in
the low-wave-number or large-eddy region.
Terms in the spectral energy equation, as well
as energy spectra, are plotted in Figure 3 for
cases in which the buoyancy forces augment the

ol
g*=bA(t-1g)2g ,/4\\
/
010 0 / \\ PRANDTL
/ \ NUMBER,
/ v/a
° \
=, 008 \ — o
* \ 7
o \ 100
+ 006
= \
o \
> \
"B 004~ \
\
2 N\
.002|— S~ - N ~
~ -~ - \\
Q 2.0 24 2.8 3.2 3.6 40
wreyl/2 (I-’o)”zx
Fig. 4b. Dimensionless spectra of ug with buoyancy forces stabilizing.
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turbulence. The curves are normalized to the
same height for comparison. The terms for the
energy equation were obtained by integrating
the terms in equation 44 over all directions in
wave-number space by using equations 64 and
65. The second term in equation 44 gives the
turbulent dissipation, and the last term gives
the effect of buoyancy forces on the turbulence.

Consider first the curves in Figure 3 for
Prandtl numbers less than 1. Those curves
indicate that the spectrum of the buoyancy term
tends to coincide with the energy spectrum for
Prandtl numbers less than 1. That is, the energy
from the buoyancy forces feeds into most of the
parts of the energy spectrum. On the other hand,
the dissipation regions are considerably separated
from the energy-containing regions, the separa-
tion being greater for the lower Prandtl number.
The dissipation regions for the two Prandtl
numbers are close together, thus indicating that
buoyancy forces, which are influenced by Prandtl
number, do not greatly influence the dissipation
for Prandtl numbers less than 1. The dissipation
occurs mostly at high wave numbers, where the
effect of buoyancy forces is not important. The
low-wave-number parts of the energy spectrum,
by contrast, are much more affected by buoyancy
forces at low Prandtl numbers than at higher
ones, because the eddies associated with the
temperature-velocity correlations (see equation
7) are much larger at low Prandtl numbers.
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The spectra of the temperature-velocity corre-
lations will be considered later (see Fig. 7).

The curves in Figure 3 for a Prandt] number
of 10 indicate that for high Prandtl numbers, in
contrast to the case of Prandtl numbers less than
1, the buoyancy forces can act on the small
eddies. As a result of this effect, the buoyancy
forces alter the dissipation spectrum for high-
Prandtl-number fluids. _

Dimensionless spectra of us?, which is the
component of the turbulent energy in the
direction of the temperature gradient and body
force, are presented in Figure 4. The curves are
so_mewhat similar to those for the spectra of
u,u, and exhibit double peaks at the low Prand__ﬂ

number. However, some of the spectra for us®
also have double peaks for a Prandtl number of
10. These are apparently caused by the action
of the buoyancy forces on the small eddies.
Another unexpected result is that the curve for
a Prandtl number of 10 and a g* of 4, although
for a case where the buoyancy forces would be
expected to be stabilizing, lies above the curve
for no buoyancy effects. The physical reason for
this result is not yet clear. It may be that some
of the eddies, in this case, oscillate several times
before being damped out.

In general, the turbulence is anisotropic. The
anisotropy of the turbulence is clearly seen in

Figure 5, where the spectrum curves for w?

2.8 =<, [
\ LemTTIooIITTITIIZE: PRANDTL
] P Vo 4 NUMBER,
24— l PRy
— / v/a

Y3/ ¥ii/3

2.9 3.2

4.0 4.8 5.6 6.4 72 8.0

wreri2(1-t )IIZ"

Fig. 5. Curves showing ratio of spectrum curves for u—az to those for u;u;/3.
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Fig. 6a. Dimensionless spectra of temperature variance 72 with buoyancy forces destabilizing.
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divided by those for wu;u,/3 are plotted. For
isotropic turbulence all values of Y/ (¥::/3)
would be 1, inasmuch as ¥.;/3 represents the
average spectrum of the components of the

energy. For destabilizing conditions u,? is higher
than the average component, whereas for
stabilizing conditions it is lower. This is physically
reasonable, inasmuch as the buoyancy forces
would be expected to act mainly on the vertical
components of the velocities of the eddies. In
fact, equation 36 indicates that the buoyancy
terms (last two terms) occur only in the equation
for ¢s; for a vertical body force.

For Prandtl numbers less than 1 the anisotropy
is most pronounced in the large-eddy region, so
that apparently the buoyancy forces act mostly
on the large eddies. In the small-eddy region the
curves for Prandtl numbers less than 1 approach
1, so that the turbulence is isotropic in the
smallest eddies. Thus, the theory of local isotropy
seems to apply here. This observation is in
opposition to that for weak turbulence with a
uniform, velocity gradient, where local isotropy
was absent [Detssler, 1961a]. Also, the curves in
Figure 5 for a Prandtl number greater than 1
do not show local isotropy. Thus, local isotropy
seems to be obtained only for Prandtl numbers
less than 1 in the present analysis. The situation
may be different for high Reynolds numbers.

It was originally thought that the difference
between the results for Prandtl numbers less
than, and greater than, 1 was caused by a
difference in the effect of pressure forces in the
two cases. A calculation with the pressure force
terms absent, however, indicated that those
terms have but a minor effect on the results.
It appears that the effect is due to the way the
buoyancy forces act in the two cases and that
the buoyancy forces can act on the smaller
eddies at high Prandtl numbers. This is in agree-
ment with the curves in Figure 3. _

Spectra of the temperature variance 72 are
plotted in Figure 6. For g* = 0, the results
reduce to those of Dunn and Reid [1958]. The
trends with ¢* are similar to those for the
spectra of w,u;; that is, the areas under the
curves are larger for negative than for positive
temperature gradients. However, the areas under
the curves for low Prandtl numbers are much
smaller than for the higher ones because, for the
same viscosity, the high thermal conductivities
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associated with lower-Prandtl-number fluids tend
to smear out the termperature fluctuations. As
Prandtl number decreases, the spectra move
into the lower-wave-number regions because the
conduction effects tend to destroy the small
temperature eddies more readily than larger ones.

The last spectra to be considered alﬂhose of

the temperature-velocity correlations rus. These
are plotted in dimensionless form in Figure 7.

The quantity 7us is proportional to the turbulent
heat transfer. The total heat transfer g; is the
sum of the laminar and turbulent heat transfer;
it is given by

¢ = —k(dT/dzs) + pe, TUs

where % is the thermal conductivity and ¢, is
the specific heat at constant pressure. Inasmuch
as the temperature gradient b occurs in the
denominator of the dimensionless spectrum
function in Figure 7, those curves can also be
considered as the spectra of the eddy diffusivity
for heat transfer. The eddy diffusivity for heat
transfer ¢, is defined by

TUz

T 4T/ dzs

The spectra indicate that, when the buoyancy
forces are destabilizing, the turbulent heat
transfer is greater than it would be without
buoyancy effects. This is congruous with the
effect of buoyancy forces on the turbulent
intensity shown in Figure 2. Similarly, for
positive values of g*, the turbulent heat transfer
is less than it would be for no buoyancy forces.
However, as g* continues to increase, the turbu-
lent heat transfer goes to zero and then changes
sign. That is, the turbulence begins to transfer
heat against the temperature gradient. This is
shown somewhat more clearly in Figure 8,
where the temperature-velocity correlation co-
efficient 7ua/[(72)2(u?)1#] is plotted against g*.
As g* increases, the sign of the turbulent heat
transfer oscillates. Although these are rather
surprising results, turbulence has on occasion
been observed to pump heat against a tem-
perature gradient. This occurs, for instance, in a
Ranque-Hilsch vortex tube, where expansion
and contraction of eddies in a pressure gradient
can cause heat to flow against a temperature
gradient. The effect observed here, however,
appears to be caused by the action of the buoy-
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ancy forces on the eddies. In the stabilizing case,
the buoyancy forces ordinarily act in the direction
opposite to that in which an eddy starts to
move (see Fig. 1), and so the sign of the velocity
fluctuation might be changed without necessarily
changing the sign of the corresponding tem-
perature fluctuation. Thus, it appears possible
that the direction of the turbulent heat transfer
could be reversed.

For negative values of g*, Figure 8 indicates
that nearly perfect correlation between the tem-
perature and velocity fluctuations is approached.
This, again, can be explained by the action of
the buoyancy forces. Thus, as was mentioned
previously, an eddy moving upward in a negative
temperature gradient will usually be hotter than
the surrounding fluid and so will be pushed
upward still more by the buoyancy forces. If an
eddy moving upward happens to be cooler than
the surrounding fluid, it will be pushed down-
ward. Therefore, positive contributions to 7us’
are amplified, whereas negative contributions are
damped out by the buoyancy forces, so that the

net effect is to increase the value of Tus’ toward 1.
CoNCLUSION

It appears that by using the present method
of analysis—that is, by neglecting triple corre-
lations and limiting the investigation to a rea-
sonably weak turbulence—we can profitably
study many of the turbulent processes. It is
true that because we neglected triple correla-

tions we were not able to study the transfer
of energy between eddies of various sizes, but
that is only one of the important processes oc-
curring in turbulence and can be studied sep-
arately. For instance, we could, like Deissler
[1960], consider three- and four-point correla-
tion equations and neglect fifth-order correla-
tions. However, if that were done in the present
case, where buoyancy effects are considered, the
problem might tend to get out of hand. Alter-
natively, if a mean velocity gradient as well as
a temperature gradient were included, we would
obtain a transfer of energy from large to small
eddies, like Deissler [1961a], even though triple
correlations were neglected. It appears that the
method of analysis followed here gives informa-
tion about other turbulent processes such as the
dissipation and the production or extraction of
energy by buoyancy forces.

It might be emphasized that no steady-state
solution was obtained here. Although the buoy-
ancy forces could produce turbulent energy, the
production was never quite great enough to off-
set the dissipation. It appears that, in order to
obtain a steady-state solution, we would have
to consider a mean temperature profile with
higher-order derivatives, rather than a linear
one, as has been considered here. The same ob-
servation applies to a turbulent shear flow,
where no steady-state solution was obtained for
a linear velocity profile [Deissler, 1961a]. The
implications of these points for turbulence in
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meteorology and oceanography would seem to
be that a Richardson number containing only
first spatial derivatives of the mean velocity
and temperature are probably not adequate for
specifying a steady-state turbulent field. It may
also be necessary to specify at least the second
derivatives of those quantities.
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