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Abstract. By interpretation of the concentration s of a diffusing substance in the sea as 
probability density, a Fokker-Planck differential equation of the second order is derived from 
a Markov functional equation for s. For small time differences only the momenta of distance 
of the first and second order are taken into account. Scales of length r are determined as radii 
of the circles that enclose the areas bounded by isoconcentration lines. The area mean of the 
diffusion velocity, given by the momentum of the first order, yields a velocity of 2P(r). These 
results are compared with experimental observations, and they indicate a dependence on r 
similar to that assumed by Stommel for the velocity spectrum in the ocean. 

For some time now diffusion processes have 
been of major interest to oceanographers, par- 
ticularly since radioactive wastes are being dis- 
charged into the sea. At present the question 
of the dispersion of these wastes in different sea 
areas cannot be answered satisfactorily, because 
any prediction calls for knowledge of a law 
capable of being extrapolated for diffusion proc- 
esses. The turbulence processes are too compli- 
cated to be reliably computed on the basis of 
theoretical considerations. Our aim, therefore, 
should be to interpret the observations theoreti- 
cally in such a way that a prediction is possible 
within certain limitations. We have tried to ap- 
ply this to a very special problem, namely, the 
large-scale horizontal diffusion of a substance 
which initially is concentrated at a point. The 
first question raised was how observations on 
diffusion could be expressed so that they could 
be theoretically interpreted. We discussed this 
problem in one of our earlier articles [Joseph 
and Sendnet, 1958]. We shall consider areas 
enclosed by lines of constant concentration of 
the diffusing substance. 

Figure i illustrates a possible pattern of the 
spreading of such a substance I and 2 days 
after its release. The maximum concentration 

reached after the first day at a point in this area 

x Based on a paper presented at the International 
Symposium on Fundamental Problems in Turbu- 
lence and Their Relation to Geophysics sponsored 
by the International Union of Geodesy and Geo- 
physics and the International Union of Theoretical 
and Applied Mechanics, held September 4-9, 1961, 
in Marseilles, France. 

is set as 100. As a measure of the area enclosed by 
an isoconcentration curve we have defined the ra- 

dius r of a circle of equal area. If the distribu- 
tion of the concentration is now regarded as a 
function of time and of this equivalent radius 
r, the observations will show that this function 
is roughly expressed by the equation 

s(r, t) = 2•r(Pt)2 e- (1) 
where s is the concentration, r the linear mea- 
sure of the area, t is t.he time, and M the quan- 
tity of the diffusing substance. P is a term hav- 
ing the dimension of a velocity. 

If s(R; r, •) is the probability density that 
after a time t one particle travels from distance 
R to distance r, then (see Joseph and Sendnet 
[1958]) the functional equation by Markov is 
applicable 

1.Tag ß 

Fig. 1. Distribution of the concentration of a 
diffusing substance after 1 day (left) and after 2 
days (right). 
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TABLE 1 

Area, r, 
$, %0 km2 km 

10 40,000 112.8 
20 24,000 87.4 
30 14,000 66.8 
40 8,000 50.5 
60 800 16.0 
80 490 12.5 

100 35 3.3 

r, t + 

-- fo s(R; p, Os(p; r, At)27rp dp (2) 
If for the momenta of first and second order 

the mean diffusion velocity 2P is taken as con- 
stant and the mean square deviation is taken 
as proportional to the linear measure r (such 
as 2Pt), then 

Os 10( Os) Or- r Or r2 ' P •rr (3) 
provided that the diffusing substance M is con- 
centrated at one point at time t -- 0. 

It appeared that the observations could be 
represented even better with a variable P = 
P(r). Therefore we write 

lOO 
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Fig. 2. Diffusion diagram of radioactive test ma- 
terial in the ocean. 

A t--•O 
p -- rs(r;p At)2•pdp At ' 

_ _1:0 (r•.P(r)) _ •(r) 
r Or 

lira fo • (p -- a t--,o At 
s(r; p, At)2•rp do 

= 2rP(r) 

(4) 

Fig. 3. 
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Spreading of Mediterranean Sea water into the Atlantic Ocean according to Wiist 
[1935]. 
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TABLE 2 

SOb- Area, r, S Corn- 
served, •oo l0 s km •' km puted, • AS, •oo 

36.30 34.6 105.0 36.300 0.000 

36.20 167.0 230.6 36.190 +0.010 
36.10 278.4 297.7 36.106 --0.006 
36.00 441.3 374.8 36.008 --0.008 
35.90 668.4 461.3 35.901 --0.001 

35.80 951.5 550.3 35.797 +0.003 
35.70 1275.1 637.1 35.704 --0.004 
35.60 1771.4 750.9 35.593 +0.007 
35.50 2359.8 866.7 35.493 +0.007 
35.40 3045.7 984.6 35.401 --0.001 
35.30 3956.4 1122.2 35.306 --0.006 
35.20 5222.6 1289.4 35.205 --0.005 

35.10 7062.2 1499.3 35.096 +0.004 

where •(r) corresponds with the mean diffusion 
velocity. Higher momenta are neglected. Thus, 
according to Kolmogoroff [1931] equation 3 with 
P = P(r) is obtained. For the integration a 
power law in the following form was considered 
for P(r) 

P(r) - Po(r/ro) X-1 (5) 
k - I corresponds to the event P - constant. 
If again we assume that at time t = 0 the 
substance is concentrated at the point r -- 0, 
then instead of (1) we find 

2--k M 
t) -- 

[_ ro exp (2 -- X)"Pot \ro/ A 
ß 

ro _J 

Let us test this equation by means of the ob- 
servations. Unfortunately large-scale oceanic 
observations of diffusion processes are too few 
to permit us to draw lines of equal concentration 
with sufficient accuracy. The only observations 
available for a nonstationary process are those 
made by Folsom and Vine [1957], who studied 
concentrations with radioactive material. Within 

a small area which can approximately be regarded 
as a point, such material was released onto the 
surface of the sea and its distribution measured 

40 days afterward. From these observations we 
have estimated, by our methods, the radii of 
the areas (Table 1) covering a region ranging 
from approximately 10 to 100 km. 

Figure 2 presents the computed radii and 
function s(r, t) according to (6). Employing the 
method of least squares, we find for P0 1.6 
cm/sec with r0 of 12.5 km. In this example the 
power law (5) will be 

P = Po(r/ro) -ø'•7 

In view of the small exponent 0.17 the dimension 
P(r) is not very variable in the observed interval. 

The classical example for stationary large- 
scale mixing is the spreading of Mediterranean 
Sea water into the Atlantic Ocean as described 

by Wiist [1935] and represented in Figure 3. 
On account of diffusion processes, water of high 
salinity stretches from the Strait of Gibraltar 
down to a depth of about 1000 to 1100 meters, 
its salinity being gradually reduced by mixing 
with neighboring water masses. As the distribu- 
tion of the core layer takes place in an isentropic 
layer, the problem can be treated two-dimen- 
sionally. When applying the diffusion equation 
to this problem we have to consider the inflow 
of about 50,000 km s of Mediterranean Sea water 
per year from the Strait of Gibraltar. This is 
done by adding, to the mean diffusion velocity 
•(r) in our first postulate (4), the mean velocity 
of the amount of water that originates from the 
source voro/r (where 2•rr0 v0 is the constant 
efficiency of the source). Likewise the following 
differential equation results for s: 

O t - r ' O-• r" . P(r) r Or 
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Diffusion diagram of Mediterranean Sea 
water in the Atlantic Ocean. 
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and as solution for the stationary case Os/Or - 0 
with the power theorem (5) for P(r) 

8(r) : S O + S 1 ß exp [--(Vo/kPo)(ro/r) x] (8) 
The integration constants So and S• have to be 
determined by the initial and final salinity. 

In Table 2 are compiled the areas (103 km •) 
within the isohalines (S %0) and the distances 
(r km) computed therefrom. The constants 
•;o/Po, X, So, and S, were determined by adjust- 
ments. The following power law is obtained' 

P(r) = Po(r/ro) -ø'•ø 

For r = 105 km there results vo/Po = 3.83. 
If, with Defant, v0 •,• 4 cm/sec, then P0 • 1 
cm/sec. The discrepancy between observation 
and computation is given in the last column of 
Table 2. The mean error amounts to q-0.007 

S%o and lies below the titration accuracy, which 
means that the observations are represented by 
equation 8 in a region whose area has a radius 
between 100 and 1500 km. The mixing diagram 
thus obtained is given in Figure 4, in which the 
observed values and the estimated sahnity are 
given as functions of the radii of the areas. 

These two examples show that X of the power 
law (5) can be constant only within a certain 
region. Thus the question arises in what way 
the diffusion velocity 2P(r) depends upon r. 
As the diffusion processes are a result of the 
turbulent mixing processes, a close connection 
between P(r) and the mean turbulent velocities 
must be expected. 

According to studies by Kolmogoroff [1941a, 
b, c] and yon Weizsacker [1948], the temporal 
mean value of the turbulent velocities is pro- 
portional to the third root of the linear dimension 

Fig. 5. 
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Turbulence spectrum for the ocean ac- 
cording to $tommel [1949]. 
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Fig. 6. Spectrum of diffusion velocities in the At- 
lantic Ocean. 

in the observed region. On the basis of these 
considerations Stommel [1949] has set up a 
hypothetic turbulence spectrum for the ocean, 
in which the turbulence velocity is given in 
arbitrary units. 

Figure 5 shows the sketch made by Stommel 
for the Atlantic Ocean. For the region to the 
right of the figure the 1//3 power law is valid. 
An analogous diffusion velocity spectrum is 
presented in Figure 6, using the few available 
observations. a and b are the power laws resulting 
from the two discussed examples; c, d, and e 
are based on less extensive observations of 

presumed diffusion processes. For c the power 
law was calculated from observations of the 

turbidity distribution in the Irminger See 
[Joseph, 1958], and for e from the frequency 
distribution of sargassum [Kri•mmeI, 1892]. For 
d only the value for P = constant could be 
determined from observations of the diffusion 
of radioactive material in the Bikini atoll 

[Munk, Ewing, and Revelle, 1949]. • corresponds 
to the 1//3 power law. 
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